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Abstract : Some duahty properties for induced representations of enveloping 
algebras involve the character Tradg. We extend them to deformation Hopf alge- 
bras Ah of a noetherian Hopf /c-algebra Aq satisfying Ext\^ {k, Aq) = {0} except 
for i = d where it is isomorphic to k. These duality properties involve the charac- 
ter of Ah defined by right multiplication on the one dimensional free /c[[/i]]-module 
Ext\^ (/c[[/i]], Ah). In the case of quantized enveloping algebras, this character lifts 
the character Tradg. We also prove Poincare duality for such deformation Hopf 
algebras in the case where Aq is of finite homological dimension. We explain the 
relation of our construction with quantum duality. 



In this article k will be a field of characteristic and we set K — 
Let Aq be a noetherian algebra. We assume moreover that k has a left Ao-module 
structure such that there exists an integer d satisfying 



It follows from Poincare duality that any finite dimensional Lie algebra q verifies 
these assumptions. In this case d — dimg and the character defined by the right 
representation of U{q) on Ext'^^^{k, U{q)) is Tradg ([CI]). The algebra of regular 
fonctions on an affine algebraic Poisson group and algebra of formal power series 
also satisfy these hypothesis. Let Ah be a deformation algebra of Aq. Assume that 
there exists an Ah-module structure on K that reduces modulo h to the Ao-module 
structure we started with. The following theorem constructs a new character of 
Ah, which will be denoted by Oa^- 

Theorem 15.0.71 

With the assumtions made above, one has : 

a) Ext'^^^{K, Ah) = {0} is zero if i =^ d 

b) Ext'j^^{K, Ah) is a free K-module of dimension one. The right Ah-module 
structure given by right multiplication lifts that of Aq on Ext'^j^^{k, Aq) . 



1. Introduction 



{ 



Ext\ {k,AQ) = {0}if i 
Ext{^{k,AQ)c^k. 
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The right Ah-module Extj^^{K, Ah) will be denoted by flA^- If there is an 
ambiguity, the integer d will be written cIa^ ■ 

Theorem 15.0.71 applies to universal quantum enveloping algebras, quantization 
of affine algebraic Poisson groups and to quantum formal series Hopf algebras. 

Let g be a Lie bialgebra. Denote by F[2] the formal series Poisson algebra [/{q)*. 
If UfiiQ*) is a quantum enveloping algebra such that Uh{Q*)/hUh{2*) is isomorphic 
to U{q*) as a coPoisson Hopf algebra, we show that one may construct a resolu- 
tion of the trivial C/ft,(g*)-module k[[h]] that lifts the Koszul resolution of the trivial 
[/(g*)-module k. If Fh [fl] is a quantum formal series algebras such that Fh[g] / hFhis] 
is isomorphic to as a Poisson Hopf algebra, we construct a resolution of the 
trivial i^/Jg] -module that lifts the Koszul resolution of the trivial i^[0]-module k 
and that respects quantum duality ([Dr], [Ga]). This construction is not explicit 
but it allows to show that, if i^h. [g] and Uh{8*) are linked by quantum duality, the 
following equality holds Ophlg] — ^^^Uhis')- 

As an application of theorem 15.0.71 we show Poincare duality : 

Theorem 18.1.11 

We make the same assumtions as above. Let M be an Ah-module. Assume that 
K is an Ah-module of finite projective dimension. One has an isomorphism of K- 
modules for all integer i : 

Ext\^ {K, M) ^ Torj- {^a.^M) . 



From now on, we assume that Ah is a deformation Hopf algebra. 

Brown and Levasseur ([B-L]) and Kempf ([Ke]) had shown that, in the semi- 
simple context, the Ext-dual of a Verma module is a Verma module. In [CI], we 
have extended this result to the Ext-dual of an induced representation of any Lie 
superalgebra. In this article, we show that this result can be generalized to quantum 
groups provided that the quantization is functorial. Such a functorial quantization 
has been constructed by Etingof and Kazdhan ([E-Kl], [E-K2], [E-K3], [E-S]). As 
the result holds for quantized universal enveloping algebras, for quantized functions 
algebras and for quantum formal series Hopf algebras, we state it in the more gen- 
eral setting of Hopf algebras. 

Corollary 18.2.21 

Let Ah ( respectively Bh ) be a topological Hopf deformation of Aq ( respectively 
Bq). We assume that there exists a morphism of Hopf algebras from Bh to Ah such 
that Ah is a flat B'^^ -module. We also assume that Bh satisfies the condition of the 
theorem \5. 0. 7[ Let V be a Bh-module which is a free finite dimensional K-module. 
Then 

a) Ext\^ ( Ah <E> V, Ah j is {0} if i is different from ds^ • 
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b) The right Ah-module Ext'^'' ( A/i ® V, A/i ) is isomorphic to {Qb^ ^ ^*) (^A/^ 
where 51^^® ^* is endowed with the following right _B^-niodulc structure : 

[l,®!)-u^ lim Yy^M'^.n)^®! ■Sl{ul^) 

n— >+oo ^ — ^ ■'' ■'^ 

3 

A(u)= lim ^u^.,„®M^ 



n — > + oo ' 

j 



Sh being the antipode of Bh- 

Proposition 18.2.31 Let Ah be a Hopf deformation of Aq, Bh be a Hopf defor- 
mation of Bq and Ch be a Hopf deformation of Cq- We assume that there exists a 
morphism of Hopf algebras from Bh to Ah and a morphism of Hopf algebras from 
Ch to Ah such that Ah is a fiat B'^^ -module and a flat C"^ -module. We also assume 
that Bh and Ch satisfies the hypothesis of theorem \5.0.7\ Let V (respectively W) be 
a Bh-module (respectively Ch-module) which is a free finite dimensional K-module. 
Then, for all integer n, one has an isomorphism 



Ext'2'^^'^ (Ah®V,Ah®w\ 

\ Bh Ch J 

~ ExtX^^""^ {{nch ® W*) ®Ah, (^Bh ® V*) ®A^ . 

\ Ch Bh J 

The right Bh (respectively Ch)-inodule structure on fis^ (8 V* (respectively ^Ch ® 
W* ) are as in Corollary 

Remark : 

Proposition l8 .2 . 3l is already known in the case where g is a Lie algebra, f) and t are 
Lie subalgebras of g, Ah, Bh and Ch are their corresponding enveloping algebras. 
In this case one has dsh = dimi) and dch — dimt. More precisely : 

Generalizing a result of G. Zuckerman ([B-C]), A. Gyoja ([G]) proved a part 
of this theorem (namely the case where i) — 3 and n = diml) — dimt) under the 
assumptions that g is split semi-simple and f) is a parabolic subalgebra of g. D.H 
Collingwood and B. Shelton ([C-S]) also proved a duality of this type (still under 
the semi-simple hypothesis) but in a slighly different context. 

M. Duflo [Du2] proved proposition 18.2.31 for a g general Lie algebra, t) = t, 
V = W* being one dimensional representations. 

Proposition 18.2.31 is proved in full generality in the context of Lie superalgebras 
in [CI]. 

Wet set AJ^ = Ah ® A'^. Using the properties as a Hopf algebra (as in [C2]), we 

show that all the Ext^— (Ah, Ah AhVs are zero except one. More precisely : 

K k[[h]] 

Proposition [8i3. II Assume that Ah satisfies the conditions of the theorem \5. 0.7\ 

Assume moreover that Aq (® A^f is noetherian. Consider Ah ® Ah with the fol- 

lowing Af^-module structure : 



V(q!, (3,x,y) e Ah, a ■ {x ®)y) ■ P ^ ax ® y(5. 
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a) HH\ {Ah ® Ah) is zero if i ^ dA^- 

^ k[M 

b) The Af-module HHj^'^iAh ® Ah) is isomorphic to ® -^h with the fol- 

lowing A^-module structure : 

V(a,/3,,T) e^,„ a-{uj®x)-P = ujeAM®S{l3'l)xS-\a) 
where a = ^^^^ ® o-'l (to be taken in the topological sense) 

i 

From this, as in [VdB]. we deduce a relation between Hochschild homology and 
Hochschild cohomology for the ring Ah- 

Acknowledgments : 

I am grateful to B. Keller, D. Calaque, B. Enriquez and V. Toledano for helpful 
discussions. 

2. Graded linear algebra 

In this section, we fix notation about graded linear algebra. A graded A;-algebra 
GA is the data of a fc-algebra with unit and a family of fc-vector spaces (GtA)tez 
of A satisfying : 

a. A = ®tezGtA 

b. 1 G GoA 

c. G,A-GiAcGt+iA. 

We will also assume that GtA = for t < 0. 

A graded GA-module GM is the data of a G^-module and a family of A;-vector 
space (GtM)jg2 of GM such that 

GM = Ot&zGtM 
GtA ■ GiM c Gt+iM 

We will always also assume that GtM = if t « 0. 

Let GM and GA^ be two graded G^-modulcs. A morphism of graded GA- 
modules from GM to GN is a morphism of G^-modules / : GM GN such that 
f{GtM) c GtN. The group of morphisms of graded G^-modules from GM to GN 
will be denoted HomGA(GM, GN). With this notion of morphisms, the category of 
graded G^-modules is abelian. Thus it is suitable for homological algebra. 

For r G Z and any graded G^-module GM, we define the shifted graded GA- 
module GM{r) to be the G A- module GM endowed with the grading defined by 

Vt e Z, GtM{r) = Gt+rM. 

Let us denote Homg^(GAf, GA^) the graded group defined by setting 

GtHonic,^(GM, GA^) = HomaAiGM, GN{t)). 

The i*'* right derived functor of the functor Hom g ^f— . A^) will be denoted Ext ^ ^ f— , A'). 

A graded G A- module GL is finite free if there are integers di,d2, ■ . ■ ,dn such 
that 

Gi~ (BGA{~d,). 

1=1 

A graded G^-module GM is of finite type if there exists a finite free graded GA- 
module GL and an exact sequence in the category of graded GA-modules 

GL GM 0. 
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This means that there are homogeneous elements mi G Gd^M, ...,m„ G Ga^M 
such that any m G GdM may be written as 

n 

m = y^ad-dinid, 

i=l 

where cid^d, e Gd-d, A. 

A graded ring GA is noetherian if any graded GA-submodule of a graded GA- 
module of finite type is of finite type. 

In the sequel, all the G^-modules we will consider will be graded so that we will 
say "GA-module" for "graded GA-module". 

3. Decreasing filtrations 

In this section, we give results about decreasing filtrations. These results are 
proved in [Schn] in the framework of increasing filtrations. For the sake of com- 
pleteness, we give dctaillcd proofs of the results even if most of our proofs are 
obtained by adjusting those of Schneiders. 

We will consider a fc-algcbra endowed with a decreasing filtration ...Ft+iA C 
FfA c • • • C FiA c FqA = A. The order of an element a, o(a), is the biggest t 
such that a G Ft A. The principal symbol of a is the image of a in i^o(a)/^o(a)+i- It 
will be denoted by [a] . 

A filtered module over FA is the data of an A-module M and a family {FtM)^^^ 
of fc-subspaces such that 

• [jFtM = M 

tez 

• Ft+iM c FtM 

• FtA ■ FiM c Ft+iM 

We will assume that FtM = M foTc t « 0. We have the notion of principal sym- 
bol. We endow such a module with the topology for which a basis a neighborhoods 
is (i^t-^)tgz- The topological space M is Hausdorff if and only if HtezFtM = {0}. 
If M is Hausdorff, the topology defined by the filtration is defined by the following 
metric 

y{x,y) G FM, d{x,y) =\\ X — y \\ with 

II a; - y 11= 2~* where t = Sup{j GZ\x-y G FjM} 

M 

Note that M is Hausdorff if and only if the natural map from M to lim is 

injcctivc. The metric space (M, d) is complete if and only if the natural map from 

M . . 
M to lim is an isomorphism. 



Example : 

Let A; be a field and set K = k[[h]]. If ^ is a if-module, it is endowed with the 
following decreasing filtration • • • c h'^V C h'"~^V C • • • C hV C V. 
The topology induced by this filtration is the /i-adic topology. 



Recall the following result 
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Lemma 3.0.1. Let N be a Hausdorff filtered module. Let P be a submodule of N 
which is closed in N . Let p the canonical projection from N to N/P. 

a) The topology defined by the filtration p{FtN) on N/P is the quotient topology. 
N/P is Hausdorff and its topology is defined by the distance d{x,y) =|| x — y \\ 
where 

\\x\\=Inf{\\a\\,a^x} 

b) If N is complete, then N/P is complete for the quotient topology. 

Proof of the lemma : 

a) As P is closed in N, tlien is closed in N/P. Thus, its complement in N/P, 
U, is open. Let x an element of N/P different from 0. As U is open, there exists 
n e IN such that x € p{FnN)+x C U. Hence x ^ p{FnN) and we have proved that 

Pi p{FnN) = {0}. Hence N/P is Hausdorff. It is easy to check that the open ball 

neIN 

of center and radius 2~* in N/P for the distance defined is p{Ft+\N). 

b) we refer to [Schw] p 245. □. 

Let FM and FN be two filtered FA-modules. A filtered morphism Fu : 
FM — > FA'' is a morphism u : M —>■ N of the underlying A-modules such that 
u{FtM) C FtN . It is continuous if we endow AL and N with the topology defined 
by the filtrations. Denote by Ftu the morphism u\FtM '■ FtM F^N. Denote by 
HompAiFM, FN) the group of filtered morphisms from FM to FN. The kernel 
of Fu is the kernel of u filtered by the family KerFu n FtM . If M is complete and 
N is Hausdorff, then KerFu, endowed with the induced topology is complete. 

To a filtered ring FA is associated a graded ring GA defined by 
GA= ® GtA with GtA = FtA/Ft+iA 

the multiplication being induced by that of FA. To a filtered FA-module FM is 
associated a graded GA-module GM defined by setting 

GM = ® GtM with GtM = FtM/Ft+iM 

the action of GA on GM being induced by that of FA. If x is in FiM , we will 
write at{x) for the class of x in FtM / F^+iM . A filtered morphism of FA-modules 
Fu : FM FN induces a morphism of abelian groups Gtu : GtM ^ GfN and a 
morphism of GA-modules Gu : GM —>■ GN. 

An arrow Fu : FM FN is strict if it satisfies u{FtM) = u{M) n FtN. 

An exact sequence of FA-modules is a sequence 

Fit Fi} 

FM ^ FN ^ FP 

such that KerFtV = ImFtU. It follows from this definition that Fu is strict, if 
moreover Fv is strict, we say that it is a strict exact sequence. 

Proposition 3.0.2. a) Consider Fu : FM FN and Fv : FN FP two 
filtered FA-morphisms such that Fv o Fu = 0. If the sequence 

FM FN ^ FP 
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is strict exact, then 

GM ^GN GP 

is exact. 

h) Conversely, assume that FM is complete for the topology defined by the fil- 
tration and that FN is Hausdorff for the topology defined by the filtration. If the 
sequence 



is exact, then the sequence 



GM ^GN ^ GP 



FM-^FN-^ FP 



is strict exact. 

Proof of the proposition : 

a) Let nt £ GtN be such that Gtv{nt) = 0. There is £ FtN such that 
nt = <yt{n[). Hence v{n^) G Ft+\P. Since Fv is strict, we find n'l_^i £ Ft+iN such 
that v{n['_^_-^^) = v{n^). Then v{n'f. — = and there is rut € FfM such that 

u{mt) = n'f. — n"^^. This shows that 

Gtu{(Jt{mt)) = (Ttin't) = nt. 

b ) Let us prove that Fv is strict. Assume that pt € FtP H Imv. Let I be the 
biggest integer such that pt = v{ni) with n; G FiN. We need to show that I > t. 
Assume that I < t. One has 

Giv {ai{ni)) = ai {v{ni)) = ai{pt) = 0. 

Hence 3m; G FiM such that Giu{ai{mi)) = ai{ni). Thus we have 

ni - u{mi) e Fi+iM and v {ui - u{mi)) = pt 

which contredicts the definition of I. 



Let us prove that KerFtv = ImFtU. Let nt G KerFtV. One has : Gt{v) {at{nt)) = 
0. Hence there exists rut in FfM such that 

at{nt) = Gt{u) (crt(mt)) . 

Hence nt — u{mt) G KerFv n Ft+iN. We can reproduce the previous reasoning to 

nt — u{mt) and produce an clement m,t+i in Ft+iM such that nj — u{mt + nit+i) G 

p 

KerFv n Ft+2N. The sequence Up = mt+i is a Cauchy sequence, hence it con- 

1=0 

verges and rij = u ( mt+i ] . □ 
\i=o J 

Corollary 3.0.3. Let FA be a filtered k-algebra and let FM and FN two FA- 

modules. Let Fu : FM — > FN be a morphism of FA-modules. Then GKeiFu C 
KerGFu and ImGFu C GImFu. Assume moreover that FM is complete and FN is 
Hausdorff, then the following conditions are equivalent : 

(a) Fu is strict 

(b) GKerFu = KerGFu 

(c) ImGFu = GImFu. 
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Proof : 
One has 



FtKeru = Keru n FtM 
FJmu = Imu n FtN 
^ FtM n Keru 



Ft+iM n Keru 
FtMnu-i(Ft+iN) 

KerGtu — 



Ft+iMnu-i(Ft+iN) 

u(FtM) 
ImG+u = -, 

Ft+iNnu(FtM) 

Imu n FtN 

Gtimu = — — 

Imu n Ft+iM 

The second part of the corollary follows from applying the previous proposition to 
the strict exact sequence FM — > Imu 0. 

Indeed Fu is strict if and only the following sequence 

FM Imu 

is a strict exact sequence of i^A-modules when Imu is endowed with the induced 
topology. Then we apply 13.0.21 . 

Let us recall this well known result about complexes of filtered modules. 

Proposition 3.0.4. Let{M',d*) be a complex of complete FA-modules. iJ'(M') 

IS filtered as follows FtW(M ) = — — ~ -— ■ 

Imdi^i imdi-i n btM^ 

If di and c?i_i are strict, then GH^{M*) is isomorphic to H^{GM*) 

Proof of the proposition \3.U.4\ 

We consider the following exact sequence 

Imdi^i Kerdi H'M' 0. 

we endow Kerdi and Imdi^i with the induced filtration. One has 

FtKerd^ = Kerd^ n FtM' 

Ftlmd,^i = Imdi-i ("1 FjM* 

Kerdi n FtM"- + Imdi 

p{FtKerd') —f^ = FtW{M'). 

Imdi 

The exact sequence above is strict exact. It stays exact if one takes the graded 
modules. Thus, we have the following exact sequence of GA-modules 

Glmd^-i GKerd^ GWM' 0. 
GKerd KerGd 

Then GW{M') ~ ' ~ V. , - H'{GM'). This finishes the proof of 

GImdi-i ImGdi-i 

the proposition. □ 
Remark : 

The isomorphism from GtH'{M*) to W{GtM') is given by 

GtH\M') ^ H'{GtM') 

atcl{x) ^ cl{at{x)). 
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For any r € Z and for any F^-module FM, wc define the shifted module FM(r) 
as the module M endowed with the filtration {Ft+rM)^^^. 

An FA-module module is finite free if it is isomorphic to an FA-module of the 
type (Bi^iFA{—di) where di, . . . ,dp are integers. An i^A-module FM is of finite 
type if there exists a strict epimorphism FL —> FM where FL is a finite free FA- 
module. This means that we can find mi € F^^M, . . . ,mp £ F^^M such that any 
m e FdM may be written as 

p 

m = ^ad_d,mi 

i=l 

where ad-di £ Fd-d,A. 

Proposition 3.0.5. Let FA he a filtered k-algebra and FM he an FA-module. 

a) If FM is an FA-module of finite type generated by (si, . . . ,Sr) then GM is a 
GA-module of finite type generated by ([si], . . . , [sr])- Conversely, assume that FA 
is complete for the topology given by the filtration and that FM is a FA-module 
which is Hausdorff for the topology defined by the filtration. If GM is a GA-module 
of finite type generated by {[s\], . . . , [sr]), then FM is an FA-module of finite type 
generated by (si, . . . , Sr) 

h) If FM is a finite free FA-module, then GM is a finite free GA-module. 
Conversely, assume that FA is complete for the topology given by the filtration and 
FM is a FA-module Hausdorff for the topology defined by the filtration. If GM is 
a finite free GA-module, then FM is a finite free FA-module. 

Proof of the proposition : 

a) If FM is an FA-module of finite type, then there is a strict exact sequence 
®i=iFA{-di) -> FM -» 0. If we apply proposition 3.0.2, we see that GM is a 
GA-module of finite type. Conversely, assume that GM is a GA-module of finite 
type generated by cri = [si], . . . , ctj. = [sr\- Assume that Sj € F^.M — F4.-1M. Let 
X in FnM. There exists Oifl G Gn-dt^ such that 

r 

i=l 

Let aifl e Fn-diA such that (Tn-di{oii,o) = ai,o- We have 

r 

X - '^UifiSi e Fn+lM. 
Reasoning in the same way, one can construct aj^i e Fn-di+iA such that 

r 

X - ^(ai,o + ai^i)si e Fn+2M 

i=l 

00 

Going on that way, we construct an element ^a^j in Fn-diA such that 

r / 00 \ 
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Hence FM is a finite type FA-module. 
b) apply proposition 3.0.2. □ 

Definition 3.0.6. A filtered k-algebra is said to be (filtered) noetherian if it satisfies 
one of the following equivalent conditions : 

• Any filtered suhmodule (not necessarily a strict suhmodule) of a finite type 
FA-module is of finite type 

• Any filtered ideal (not necessarily a strict ideal) of FA is of finite type. 

Proposition 3.0.7. Let FA be a filtered complete k-algebra and denote by GA its 
associated graded algebra. IfGA is graded noetherian, then FA is filtered noether- 
ian. 

Proof of the proposition : 

We assume tiiat GA is a noetlierian algebra. We need to prove that a filtered 
submodule FM' of a finitely generated F^-module FM is finitely generated. 

First we assume that FM is Hausdorff. For this case, we reproduce the proof of 
[Sch]. 

If FM' is strict, then the associated GA-module GM' is a submodule of the 
G^-module GM associated to FM. Since GA is noetherian and GM is finitely 
generated so is GM' and the conclusion follows. 

To prove the general case, we may assume that the image of the inclusion FM' — > 
FM is equal to FM. In this case, using a finite systeme of generators of FM, it is 
easy to find an integer I such that 

FtM' C FtM C Ft-iM'. 

We will prove the result by induction on 

For Z = 1, let us introduce the auxiliary G^-modules 

GKo = ®tezFtM'/Ft+iM 
GKi = ®tezFtM/FtM' 

These modules satisfy the exact sequences 

-> GKo GM -> GKi 

^ Gifi(l) GM' GKo 

Since GM is a finite type G^-module, so are GKq and GKi. Hence GM' is also 
finitely generated and the conclusion follows. 

For Z > 1, we define the auxiliary A- module FM" by setting 

FtM" = Ft+iM + FtM'. 

Since we have 

FtM" c FtM c Ft-iM" 
the preceeding discussion shows that FM" is finitely generated. Moreover 

FtM' c FtM" c Ft_^i_i)M' 
and the conclusion follows from the induction hypothesis. 



We no longer assume that FM is Hausdorff 
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As FM is a finite type FA-module, tliere exists a strict exact sequence 
FL = FA(-d^) FM 0. 

We will denote by pt the map from FfL to F^M induced by p. As p is strict, the 
map Pt is surjective. Let FM' be a submodule (not necessarily strict) of FM. Then 
p~^{FM') is an FA-submodule of FL if we endow it with the filtration 

Ft [p-\M')\ =p^\FtM') =p-\FtM')nFtL. 

As FL is HaiisdorfF, wc know from the first part of the proof that the i^A-module 
p-'^M' is finite type. Hence there exist ai G Fs^ [p~'^M'] ,...,ap G Fs^ [p~^M'] 
such that any x of F4 [p~^M'] can be written 

p 

X = ^n<i-5iQ!j with a^^Si G Fd-5i^- 

i=l 

Let y in F^M'. As p is strict, there exist x G Fd [p^^M'] such that y = p{x). Then 
y can be written 

p 

y = '^ad-5iP{ai) with ad-s^ S FdSiA. 

i=l 

We have proved that FM' is a finite type FA- module □. 

Proposition 3.0.8. Assume that FA is noetherian for the topology given by the 
filtration. Any FA-module of finite type has an infinite resolution by finite free 
FA-modules i.e there is an exact sequence 

> FLs FLs-i ^ ^ FLo FM 

where each FLg is a finite free FA-module. 

Remark : 

For such a resolution of FM, the sequence 

>GLs^ GLs-i yGLo^GM ^0 

is a resolution of the G A- module GM. 

Proposition 3.0.9. Assume FA is noetherian and complete. If GA is of finite 
(left) global homological dimension, so is A. 

Proof : we adjust the proof of [Schn] proposition 10.3.5. to decreasing filtrations. 

Let us start by a lemma. 

Lemma 3.0.10. If FN is a, Hausdorff finite type FA-module, then it is complete. 
Indeed, let FN be a finite type FA-module. We have a strict exact sequence 

FL = ®'UFA{^d,) -^FN-^0. 

The filtration on FN is given by p(FtL). Let us endow the kernel K oi p with the 
induced topology. We have a strict exact sequence 

^ FK ^ FL ^ FN ^0. 
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As N is Hausdorff, K P^^{{0}) is closed in FL. The fihered i^A-module FN is 
isomorphic to FL/K, endowed with the quotient topology. Hence, FN is complete 
(see lemma 3.0.1). 

Lemma 3.0.11. Assume that FA is noetherian and complete. Then, for any FA- 
module of finite type FM and any complete FA-module FN, 

Ext^c^fGAf, GN) = =^ ExtJA(M, N) = 0. 

Let 

>FL„^ FLn-i ^ >FLo^FM^O 

be a filtered resolution of FN by finite free F^d-modules. Applying the graduation 
functor, we get a resolution 

> GLn GLn-i > GLo GM 0. 

Assuming Ext ;^^ (GM, GN) — {0} means that the sequence 

Hamaj,{GLj_i, GN) Hom r;^{GL,,GN) Hom n;^{GLj+, ,GN) 

n 

is an exact sequence of GA-modules. When FL = ® FA{—di) is finite free, the 

1=1 

FA-module FHom{FL, FN) — (S^^iFN{di) is complete and the natural map 

GFBomFA{FL, FN) Roui r^^jGL. GN) 

is an isomorphism. Hence the sequence 

FHomFA(FLj_i,FN) ^ FHomFA(FLj, FN) ^ FHomFA(FLj+i, FN) 

is a strict exact sequence of FA- modules (proposition I3.0.2p . When FL is finite 
free, the underlying module of FHompAiFL, FN) is HomA(L, N). This finishes the 
proof of the lemma. 

Denote by dcA the (left) global homological dimension of GA. Let M be a finite 
type A-module. One has an epimorphism 

A" M 0. 

We set K = Kerp. We endow M with the filtration p{FA"-) and K with the 
filtration induced from that of FA". We thus define a finite type FA-module FM 
and an FA-module FK such that the exact sequence 

0^ FK FA" ^ FM 

is strict exact. Similarly, we endow N with a filtration FA^ such that FA^ is a finite 
FA-module and we construct a strict exact sequence 

^ FQ ^ FA" ^ FA^ ^ 0. 

The finite FA -module FA^ is not necessarily Hausdorff but FQ is a Hausdorff 
finitely generated FA-module. Hence FQ is a complete FA-module and applying 
the lemma we get Ext'J^(M, Q) = when j > da a + 1- From the exact sequence 

O^Q^A"^A^^O 

we get a long exact sequence that shows that Ext'^(M,N) — when j > da a + 1- 
Thus we have showed that : for any finite type A modules M and A^, 

Exti(M,N) =0 if j >dGA + l. 
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Let now N be any A-module. We have N = lim A^' where N' runs over all finitely 

generated submodules of N. Let L* be a resolution of M by finitely generated free 
A-modules. We have for all j > da a + 1 

ExtJ (M, N) = ExtJ (M, Urn N') 



where, in the equality before the last equality, we used the fact that the functor lim 

is exact because the set of finitely generated submodules of Af is a directed set ([Ro] 
proposition 5.33). Thus we have proved : if M is a finitely generated ^-module 
and N is any ^-module, then 



From this, we deduce ([Ro] theorem 8.16), that the global (left) dimension of A is 
finite and inferior or equal to da a- ^ 



4.1. Definition and properties. In this section k will be a field of characteristic 
and we will set K = A;[[/i]]. 

Definition 4.1.1. A topologically free K-algehra Ah is a topologically free K- 
module together with a K -bilinear (multiplication) map A^ x Ah Ah making 
Ah into an associative algebra. 

Let Aq be an associative k- algebra. A deformation of Aq is topologically free 
K -algebra Ah such that Aq ~ Ah/hAh as algebras. 

Remark : 

If Ah is a deformation algebra of Aq, we may endow it with the /i-adic filtration. 

h''Ah 

We then have GAh = © , - . , . ~ Ao\h] as fcf/il-algebra. 

iGiN h^+'^Ah 

From proposition 3.0.6, we deduce that a deformation algebra of a noetherian 
algebra is noetherian. 

Examples ([C-P]): 

Before giving a list of examples, let us recall the following definition : 

Definition 4.1.2. A deformation of a Hopf algebra {A, l, fi, e, A, S) over a field k 
is a topological Hopf algebra {Ah, Lh, l^h,£h, ^h, Sh) over the ring k[[h]] such that 

i) Ah is isomorphic to ^o[[^]] as a k[[h]]-module 

ii) Ah/hAh is isomorphic to Aq as Hopf algebra. 

Example 1 : Quantized universal enveloping algebras (QUE A) 




= limFJ (HomA(L*,N' 

= limExtj^(M,N') 



)) 



Extj(M,N) = {0} if j > dcA + 1- 



4. Deformation algebras 
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Definition 4.1.3. Let g be a Lie bialgebra. A Hopf algebra deformation of U{q) 

, Uh{g), such that /^^^ is isomorphic to U(q) as a coPoisson Hopf algebra is 

hUh[Q) 

called a quantization ofU{Q). 

Quantizations of Lie bialgebras have been constructed in [E — Kl]. 

Example 2 : Quantization of affine algebraic Poisson groups 

Definition 4.1.4. A quantization of an affine algebraic Poisson group (G, {, }) is 
a Hopf algebra deformation J-h{G) of the Hopf algebra 3'{G) of regular functions 
J'h (G) 

on G, such that , . is isomorphic to {!F{G), {, }) as Poisson Hopf algebra. 
n-FhiG) 

Quantization of affine algebraic Poisson groups have been constructed by Etingof 
and Kazhdan ([E-S], see also [C-P] for the case where G is simple). 

Examples 3: Quantum formal series Hopf algebras ( QFSHA ) 
The vector space dual U{q)* of the universal enveloping algebra U{g) of a Lie 
algebra can be identified with an algebra of formal power series and it has a natural 

Hopf algebra structure, provided we interpret the tensor product U{g)* (E) U{g)* in 
a suitable completed sense. If g is a Lie bialgebra, U (g)* is a Hopf Poisson algebra. 

Definition 4.1.5. A quantum formal series Hopf algebra is a topological Hopf 

algebra Bh over such that is isomorphic to U {g)* as a topological Poisson 

hBh 

Hopf algebra for some finite dimensional Lie bialgebra. 

The following proposition is proved in [K-S] (theorem 2.6) 

Proposition 4.1.6. Let Ah be a deformation algebra of Aq and let M be an 

Ah-module. Assume that 

(i) M has no h-torsion 

(ii) M/hM is a flat Ao-module 
(m) M = limM//?,"Af 

n 

then M is a flat Ah-module. 



5. A QUANTIZATION OF THE CHARACTER trad 

Theorem 5.0.7. Let Aq be a noetherian k-algebra and let Ah be a deformation of 
Aq. Assume that k has a left Ao-module structure such that there exists an integer 
d such that 

( Ext\{k,Ao) = {0}i{ij^d 

\ Extj^^{k,Ao)^k 

Assume that K is endowed with a Ah-module structure which reduces modulo h to 
the Ao-module structure on k we started with. Then 

a) Ext\^ {K,Ah) is zero ifi^d. 

b) Exf^ {K,Ah) is a free K-module of dimension 1. By right multiplication, it 
is a right Ah-module. It is a lift of the right Ao-module structure (given by right 
multiplication ) on Ext\^ (fc, Aq). 
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Notation : The right A/i-module Ext\^ {k,Ah) will be denoted ^Ia^ a-nd the 
character defined by this action 9a^ ■ 

Remark : In [K-S] (paragraph 6), Kashiwara and Schapira make a similar con- 
struction in the set up of ZJQ-algebroids. In [C2], it is shown that a result similar 
to theorem 15 .0 . 71 holds for Uq{g) (g semi-simple). 

Example 1 : Quantized universal enveloping algebras 

Poincare duality gives us the following result for any finite dimensional Lie alge- 
bra. 

Ext\jf^^) (fc, C/(0)) = {0} ifz ^ 
£;<™«(fc,t/(0)):^A'^™8(g*) . 

The character defined by the right action of U{q) on Ext'lj"'^^ {k,U{Q)) is tradg 
([CI]). Thus, the character defined by the theorem 15.0.71 is a quantization of the 
character tradg. 

• If is a complex semi-simple algebra, as H^(g,k) — {0} ([H-S] p 247), there 
exists a unique lift of the trivial representation of Uh{5), hence the representation 
^Uhiy) trivial representation. 

• Let a be a fc-Lie algebra. Denote by ah the Lie algebra obtained from a by 
multiplying the bracket of a by h. Thus, for any elements X and Y oi ah — a, 

[X,YU^h[X,Y]a. 

Denote by U{ah) the ft.-adic completion of U (ah)- Then U{ah) is a Hopf deformation 
of (a"'', (5 = 0). The character ^jj^^j defined by the theorem in this case is given by 

VXea, 0fy~~AX) = htrad„{X). 

Thus, even if q is unimodular, the character defined by the right action of Uhis) on 
nu^(g) ^ A''™3(0*)[[/i]] might not be trivial. 

5 

• We consider the following Lie algebra : a = © kci with non zero bracket 

[e2, 64] = ei. Consider fc[[ft,]]-Lie algebra structure on a[[h]] defined by the following 
non zero brackets 

[63,65] = ft.63 
[62,64] = 2ei 

C/(a[[/i]]) is a quantization of U{a). It is easy to see that 

^t/»)(^5) = -/^. 

Example 2 

The theorem l5.0.7l also applies to quantization of affine algebraic Poisson groups. 
If G is an affine algebraic Poisson group with neutral element e, we take k to be 
given by the counit of the Hopf algebra J-{G). One has [A-K] 

{k,TiG)) = {0} if i ^ dimG 
Extfj^^ {k,T{G)) ~ A*""<= (^{Me/MlY^ 
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where 

Me - {/ e HG) I /(e) = 0}. 
Let g be a real Lie algebra. The algebra of regular functions on g*, T{g*), is 
isomorphic to S{g) and is naturally equipped with a Poisson structure given by : 

yX,Y eQ,{X,Y}^[X,Y]. 

In the example above, U{Qh) is a quantization of the Poisson algebra J^{q*)- ^{q*) 
acts trivially on Ext'^^f^{k,J^{g*)) whereas the action of Th{3*) — U{gh) on 
Ext'p^^^,^ {k,!Fh{Q*)) is not trivial. 

Example 3 : The theorem 15.0.71 also applies to quantum formal series Hopf alge- 
bras. 

Proof of the theorem \ 5. 0. 7\ 

Let us consider a resolution of the yl/j-module K by filtered finite free Ah-modules 

, FL»+i ^Jli FU ^ ■ ■ ■ ^ FL^ ^ FL° ^ K ^ {0} 

FU = ®t=,FAn{-m,^.) 
so that the graded complex 

Gd^i >GL^^ GL° ^ k[h] ^ {0} 

is a resolution of the Ao[/^]-inodule Consider the complex M* = {H am a^{L' ^ A^) d') . 
Recall that there is a natural filtration on HorriA^ {U , A^) defined by 

FtHomA^{L\AH) = {A e HomA,SL\Ah) \ A {FpL') C Ft+pAh}. 

One has an isomorphism of right i^v4-niodules 

FRomA^{L\Ah) = © FA(mj-,) 
j=i 

Hence 

GFIioinAAL\ Ah) ^HomGA,SGL\ GAh) 

and the complex Hom ^ 4^ {GL'^, GAh) computes Ex^qa^ {k[h], GAh). We have the 
following isomorphisms of right Ao[/i]-modules. 

ExtU. {k[hlGAh)-F^\yh\ {k[hlAo[h]) ~ Exti„(k, Ao)[h]. 

If « ^ (i, then Ext g {k[h]^ GAh) = {0}. This means that the sequence 

HomGA{GU-i,GAh) Hom (._ JGL,,GAh) Hom r;_ JGLj^^ , GAh) 

is an exact sequence of GA/j-modules. Hence, applying 13 . . 21 the sequence 

FHomFA(FLi_i,FN) ^ FHomFA(FLi, FN) FHomFA(FLi+i, FN) 

is strict exact. As FLi is finite free, the underlying module of FHomj?^ (i^L^, FN) 
is HomA(Li,N). Hence we have proved that Ext\^{K, Ah) = {0} ii i ^ d. 

We have also proved that all the maps *9i are strict. Hence, by proposition l3.0.4l 
we have for all integer i 

GExt\{k[[h]lAh) ^ ExfGA,(k[hlAo[h]) ~ Ext\{k,Ao)[h] 
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As /m*(}i_i, endowed with the induced topology, is a finite type Hausdorff FAh- 
module, it is a complete J^A;i-module (see lemma IS.O.lOp . Hence it is closed in 
Ker^di and the ExtJ^^ (K, Ah)'s are Hausdorff. 

As Extij^ (K, Ah) is Hausdorff and GExf^^^ikWh]], Ah) ~ Ext^^ik, AQ)[h], the 
A;[[/i]]-module Ext^^ (K, Ah) is a one dimensional. 

This finishes the proof of the theorem 15.0.71 □ 

From now on, we assume that Ah is a topological Hopf algebra and that its action 
on K is given by the counit. The antipode of Ah will be denoted Sh ■ 

If y is a left Ah-module, we set y (respectively V) the right A^-module defined 

by 

Va G Ah, Vu G y, V -5^ a = Sh{ci) ■ v (respectively v -g-i a = Sf^^{a) ■ v). 

Similarly, if is a right A/i-module, we set VF' (respectively W^) the left Ah- 
module defined by 

Va G Ah, Vw G T4^, a -3^ w — w ■ Sh{a) (respectively a -g-i w — w ■ S^^{a)). 

One has (vf = V, (ypf = V, {W^)'' = W and {W^Y = W. Thus, we have 
defined two (in the case where Sf^ ^ id) equivalences of categories between the 
category of left Ah-modnles and the category of right A^-modules, that is to say 
left ^^^-modules. 

Let Mod (Ah) be the abelian category of left A;i-modules and D {Mod{Ah)) be 
the derived category of the abelian category Mod{Ah)- We may consider Ah as an 
Ah'^Al^-module. Introduce the functor Da^ from D {Mod (Ah)) to D {Mod (Al^)) 

VM* G D (Ah) , Da, [M') - RHomA, {M' , Ah) . 

If M is a finitely generated module, the canonical arrow M — > ^A°^ ° Da, {^) is 
an isomorphism. 

Let y be a left A/j-module, then, by transposition, V* = HomK{V,K) is natu- 
rally endowed with a right yl/j-module structure. Using the antipode, we can also 
see it as a left module structure. Thus, one has : 

VugAV/g^*, u-f = f-Sh{u). 
We endow ^a, ® ^* with the following right Ah-moduie structure : 
'iueAhVfeV*, VueQA,, 
iuj(^w)-u= lim Y.^AAu'jJuj®f-Sliu'lJ 

3 

where A(u) = lim u' „ ® u"„. 

3 

Theorem 5.0.8. Let V be an Ah-module free of finite type as a k[[h]]-module. 
Then DAhi^) ond V* ® ^Ah isomorphic in D {A"^). 

Proof of the theorem : 

In the proof of this theorem, we will make use of the following lemma (see [Dul], 
[CI]). 
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Lemma 5.0.9. Let W be a left Ah-module. Ah®W is endowed with two different 
structures of Ah (E) A'^ -modules. The first one denoted [Ah(E)W)^ is described as 
follows : Let w be an element of W and let u, a he two elements of Ah . We set 
A(a) = lim Va' „ ® a'' . Then 

i 

{u®w)-a = ua®w 

a-{u®w)= ^ lini^ Xl'^U" ® "-'U ' ^ 

i 

The second one denoted (^Ah^^W)^ is described as follows : Then 
a - {u^w) = au^w 

{u®w)-a= lim y^ua' „ (g) 5^ («,•')• «; 

i 

The Ah ® A°f^-modules (Ah^W)^ and (Ah^W)^ are isomorphic. 

Proof of the lemma : 
The map 

^■.{Ah%W)^ ^ {Ah%W)^ 

u®w !-»• lim y^u'- „ u'! ■ w 

i 

where A(u) = lim ^^u^ „ (8) m"^ is an isomorphism of Ah (S) A^^-modules from 

i 

{Ah§>W)^ to {Ah§>W)^. Moreover 

® w) = J2^'i,n ® Shiu'U ■ w. 
This finishes the proof of the lemma. 

Let L* be a resolution of K by free Ah-modules. We endow ®V with the 
following left A/j-module structure : 

a-{l^v)= liin Va-,„ • / O a'- ■ v. 

i 

Then L* (S>V is a, resolution of V by free yl/^-modules. Using the relation 
a-l(^v = ^lirn^ X^^U ^ Sh{aln) ' ^] 

i 

one shows the following sequence of j4/,-isomorphisms 

Da^{V) ~ HomAjL(E,V,Ah) 

~ HomAAL,{Ah(®V*)^) 

~ RHomAdK,Ah)®V*.a 

6. Link with quantum duality 

6.1. Recollection on the quantum dual principle. The quantum dual prin- 
ciple ([Dr], see [G] for a detailed treatment) states that there exist two functors, 
namely ()' : QUEA QFSA and : QFSA QUEA which are inverse 
of each other. If Uh{Q) is a quantization of U{q) and -F)i[[0]] is a quantization of 
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F[[g]] = U{g)* , then C//i(g)' is a quantization of and is a quantization 

ofc/(r). 

Let's recall the construction of the functor () : QFSA QUE A which is the 
one we will need. Let g be a Lie bialgebra and a quantization of F[[g]] = 

U{q)*. For simplicity we will write instead of -F)i[[0]]. If e/j denotes the counit 
of Fh, set / := e^^{hk[[h]]) and J = Kerch- Let 

Fh ^h-^r = Y.{h-Hr = u (h-'ir 

n>0 n>0 n>0 

be the fc[[/i]]-subalgebra of k{{h)) (g) F^ generated by h~^I. As I — J + hF^, one 

kiM 

has F^ = J". Define F^ to be the /i-adic completion of the A;[[/i]]-module 

n>0 

F^ . The coproduct (respectively counit, antipode) on Fh provides a coproduct 
(respectively counit, antipode) on F^ and Ff^ is endowed with a Hopf algebra 
structure. A precise description of F"^ is given in [G] . Let us recall it as we will need 
it for our computations. The algebras Fh/hFh and k[[xi, . . . are isomorphic. 
We denote tt : F/j — > Fh/hFh be the natural projection. We may choose Xj G 
-K~^{xj) for any j such that €h{xj) = 0, then Fh and k[[xi, . . . ,Xn,h]] are isomorphic 
as topological module and J is the set of formal series / whose degree in the 

Xj, dx{f) (that is the degree of the lowest degree monomials occuring in the series 
with non zero coefficients) is strictly positive. As Fh / hFh is commutative, one has 

XiXj XjXi — 

with Xi,j & Fh- As Xi,j is in J, it can be written as follows : 

n 

~ ^ ] ^a(^)'^a "1" fijixi, . . . ,^7^, /l) 
0=1 

with dx{fi,j) > 1. If Xi = h~^Xj, then 

Fh ={f= ■ • ■ , Xn)h'- I Pr{X,, . . . , X„) e k[X,, Xn]}. 

Thus Fh and k[xi, . . . ,Xn][[h]] are isomorphic as a topological fc[[/i]]-modules. One 
has 

n 

XiXj XjXi — ^^^^a(^)'^a ~t~ ^ fi,ji.Xl, * • * ; X^i, /i) 
a=l 

where fij{xi, . . . , Xn, h) is obtained from fij{xi, . . . , Xn) by writing Xj = hxj. The 
element fij(xi, . . . ,Xmh) is in . . . , i:„][[ft,]]. The fc-span of the set of 

cosets {ci = Xi mod hF^} is a Lie algebra isomorphic to g* . The map \l/ : F^ 
U{g*)[[h]] defined by 

VreIN / reIN 

is an isomorphism of topological fc[[/i]]-modulcs. The algebra — ^ is isomorphic to 

U{q*) and Fh{QY is a quantization of the coPoisson Hopf algebra U{g*). Denote 
by -h multiplication on Fh and its transposition to C^(fl*)[[/i]] by To compute 
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e"^ . . . e^" -h ex ■ ■ ■ ^n" pi'ocecd as follows : we compute . . . -h ■ ■ ■ x'^ 
in and write it under the form ^^Pr(^i, . . . , Then 

reIN 

. . . ej^ . . . = 5^P.(ei, . . . , e„)/^^ 
If u and V are in C^(fl*)[[/i]], one writes u*v = v). One knows that the 

reTN 

first non zero fir is a 1-cocycle of the; Hoclischild cohomology. 

If P in k[Xi, . . . ,Xn] can be written P = CLii,...,i„Xl^ . . -X^, one sets 

P^i^lj • • • ) Cra) = ^ ^ Oii,...,i„e® ^ . . . " 
ii,...,i„ 

r 

and if 5 € k[Xi, . .. , Xn][[h]] can be written g = ^^Pr(Xi, . . . , Xr)h^ , then one 

i=l 

sets : 

r 

5®(ei,...,e„) = ^P®(ei,...,e.)/i^ 

'j=i 

Fact : 

{FhY is isomorphic as an algebra to 



Tk[[h]] © k[[h]]e, 

* i=l 



where I is the closure (in the h-adic topology ) of the two sided ideal generated by 
the relations 

n 

a Cj - Cj i»ei = ^Ck{h)ek + • • • ' ^n, h). 

fe=i 

Let us prove this fact. Let O : Tk[[h]] ^ ® A:[[/i]]ei^ — > F^ that sends e, to 
Xi. One has I C Kerfl and we need to prove that Kerfl C /. Let TZ be in 
Tfc[[ft]] ^ e fc[[/i]]ei^ be such that Q{TZ) = 0. Then, modulo h, we get n(^) = 0. 

Hence there exist (u-' ) and in rfc( ® kci) such that 



72. = j (g) (ej (g) Cj - Cj (g) ej - [e,, ej]) u° 



and 7?. - ^m"^ ® Cj - e^- (g) - {h)ea - h ^ f^j{ei, . . . ,en,h)\ igi v^j e 

i,i \ a=l / 

hKerfl. Hence there exist TZi G KerCl be such that 

i^i ® - «> ei - ^Ca(/i)ea - /i-i/®.(ei, . . . , e„, /i) J (g)u°^- = /^7^l. 

1.7 \ o=l / 
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Reproducing the same reasoning, we find (uj j) and (vlj) in Tk ^ © kci^ such that 

7?.i-^Ui J® Ci Cj - Cj - '^Caih)ea - h'~'^f,j{ei, . . . , e„, ft.) ^vjj = /l7^2 

ij \ a=l / 

and going on hkc this, we sliow that TZ is in /. 

6.2. Deformation of the Koszul complex. Let a be a fc-Lie algebra. There is 
a well known resolution of the trivial U (o)-niodule, namely the Koszul resolution 
K = (C/(a) ® A'o, d) where 

n 

5 (u (g) Xi A • ■ • A Xn) = ^{-ly^'^uX, Xi A ■ • • A X5 A • • ■ A X„ 

i=l 

^(-1)'+% [^», ^j] A Xi A ■ • • A A • • ■ A A • ■ • A X„. 
We will now show that the Koszul resolution can be deformed. 

Theorem 6.2.1. Let a be a Lie algebra and let (ei, . . . , e„) be a basis of a. Denote 
by Cf j the structure constants of a with respect to the basis (ei, . . . ,e„) so that we 

n 

have [ei,ej] = '^^Cf^eg. Consider Uh{a) a deformation of U{a) given under the 
fe=i 

form 



Uhia) 



\ 2=1 



/ 

where L is the closure (in the h-adic topology) of the two sided ideal generated by 
the relations 



ei ej - ej ® Ci - 5ij(ei, • ■ • , e„, h) 



where gij satisfies the following : 

gi^j G k[Xi, Xn][[h]] and dx{gi,j) > 1 

" / n 

55(ei, . . . ,e„) = J^^tj^'^ "lod '^^MWl .® ^'iMe, 

a—l ^ 

k[[h]] is an Uh{a)-module (called the trivial Uh{a)-module) if we let the Bi 's act triv- 
ially. There exists a resolution of the trivial Uhia)-module k[[h]], Kh = {Uuio.) ®k A'a, 9*) 
such that GrKh is the resolution of the trivial U {a)[h\-module k[h]. 

Remarks : 

1) Any quantized universal enveloping algebra, /7?t(a), has a presentation as in 
the theorem because we might write it Uh{a) = {Uh{o.)') . 

2) The proof of the theorem gives an algorithm to construct the resolution Kh- 

3) By theorem l6.2.11 we even get a filtered resolution of the _FC//i(0)-module 

Proof of the theorem \6.2.1\ 

We will prove by induction that on q that one can construct 9q , . . . , mor- 
phisms of f//i(a)-modules such that : 
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•Vr G [l,q],dl^_id'^ = 0. 



•5^(1 ® A • • • A CpJ = ^(-1)' ^Rp, ® A • • • A ep, A • • • A Cp^ 

_p, 1 <8) ea A Cpi A • • • A epfc A • • • A epj A • • • A Cp^ + api,...,p^ 

fe<; a 

with apj,...,p^ G hUh{a) ® A''^^(a) so that GS^ is the qth differential of the Koszul 
complex of the trivial i7(a)[/i]-module k[h]. From proposition 3.0.2, this implies 
that Kera^'.i = Imd^. 

We take 9q : Uh{a) — > k[[h]] to be the algebra morphism determined by 9q (e^) = 

0. 

We take : Uh,{a) (gifc a — > Uhia) to be the morphism of C//i(a)-modules deter- 
mined by di{u^ei) = uei. 
One writes 

n n 

gij{ei, ...,e„,h)= E^J^" + Y.^ti^'' 

a=l a=l 

where the P^j's are in hUh{a)- 

We look for a morphism of i7/j(a)-modules, 82 : Uh{a) ®fe A^a — > Uh{a) (8>fe 
under the form 



82(1 A Cj) ^ Ci® e-j - Cj eg) Ci - '^Cljl ® Ca 



where ai^j is in hUh{a) ^ a. 
One has 

I a ® ej - ej ®ei- ^C^^-l ® e J = Ei^^^ea = 8^ ( f^i^^ ® e J . 

V a J a=l \a=l / 

We might take 

n n 

9^(1 Bi A e-j) = e, (g) e^- - ® - ^C^^l ® ea - ^Yl^^t]^® 

a=l a=l 

We have (9^ o 9^ = 

Let q>2. Assume that 9q , (9^ , . . . 9^ are constructed and let us construct 8g_^_i 
as required. 

We look for ig) Cp^ A • • • A ep^+J under the form 

^9+1(1 ® Cp, A • • • A ep,+J E(^1)'"^^P- ® Cpi A • • • A g;: A • • • A Cp^^, 

i=l 

^p^l (g) A Bpi A • • • A Cp^ A • • • A Cp, A • • • A ep^_^_^ + ap^^,,,^p^_^_^ 

r<s a 

where Q:pi,...,p,_,.i is in hUh{a) (g A^(a). The term 

9^ (j2i-'^y~^ep, «) ep, A • • • A e;: A • • • A ep^^}j + 

( EI]<^P.,fa(-l)''+'l g> e„ A ep, A • • • A e;; A • • • A e;; A • • • A ep,+, J 

\r<s a / 



Duality properties for quantum groups 



23 



equals modulo h. Hence it is in hUh{a) (8> A'^~^(o). 

As dg_idg = 0, it is in hKerdg_i = himdg. The existence of api,...,pg^i follows. 
Hence we have constructed as required. The complex Kh = (Uh{ci) ® A*o, 9^) 
is a resolution of the trivial ?7/( (a)-module A;[[/i]].n 

6.3. Quantum duality and deformation of the Koszul complex. We may 

construct resolutions of the trivial Fh[Q] and ^-modules that respects the quan- 
tum duality. 

Theorem 6.3.1. Let q be a Lie bialgebra, Fh[g] a QFSHA such that — — is 

hFh [g\ 

isomorphic to F[q] as a topological Poisson Hopf algebra and = Uh{3*) the 

quantization oJU{q*) constructed from Fti[^ by the quantum duality principle. Let 
Xi, . . . ,x„ be elements of F[g] such that F[q] ~ k[[xi, . . . , .x„]]. Choose xi, . . . ,Xn 
elements of Fh[s\ such that Xi = Xi mod h and ehix-i) — 0. Then Uh{Q*) — 
k[xi, . . . , i:„][[ft,]] with Xi — h^^Xi. Let (ei, . . . , e„) be a basis of g* and let Cf^ the 
structural constants of g* with respect to this basis. We can construct a resolution 
of the trivial Fh[g]-module = {Fh[g] ® AQ*,dq) of the form 

(1 ® ep, A • • • A EpJ = 8) A • • • A ^ A • • • A ep, 

i=l 

+^^(-l)'^+^/iCp^^,p^l O ea A ep, A • • • A A • • • A e-;; A • • • A ep, 

r<s a 

tl....,tq-l 

such that Q;/i,...,pg ' ei = ej;\hkm]). Set 

apiV-.-'.pT^ . . . , a;„][[/i]]. Define the morphism of Uh{Q*) -modules : 

Uh{3*) ^ A9(0*) ^ Uh{g*) ^ A9-i(0*) by 

n 

(l ® ep, A • • • A epj = O Cp, A • • • A ^ A • • • A Cp, 

i=l 

+^ Y,{-^Y^'C;^,p^ ® ea A ep, A • • • A A • • • A e-;; A • • • A ep, 

r<5 a 

+ 4v;.v.',pT' A-'-Aet,,,. 

Then K' = (^Uh{g*) ® A*g*,dg) is a resolution of the trivial Uh{g*)-module. 
Proof of the theorem : 

n 

One sets = hCi .jXa + hu'l jXa- We know that uf j is in J. We 

o=l 

take 

= eh 
d^{l^ei) = Xi 

We set 

^2 (1 ® ej A ej) = a;, (g) - Xj ®ei~ Y^^ti ®^o.- h^'^h 
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We have d'l o 82 = and we may choose afj = ufj. 

Assume that d^^d^, . . . have been constructed such that 



• Vr G [1, q] Imd^ = Kerd^_i and satisfying the required relation. 

"Pl,P2,---,Pi- ^ ■ 



and let us show that we can construct dg_^_i satisfying these three conditions. 
The computation below is in [Kn] p 173. 



^9 ( O ep, A • • • A A • • • A ep,+, ] + 



pi A • • • A A • • • A A • • • A Cp^^^ 



\r<s a 

= E(~^)''^^(^P*^PJ ~ ^^Pj-a^Pi) <8)eiA---Ae;;A---Ae;;A---A Cp^^^ 



« ■r<,s,r.,s/i a 

,Ps^« 'S' Cpi A ( omit Pr, Ps) A ep„_^j 

Pr<PB a 

+EE E (-ir+'+'+*/iC'p^,p3a;p,®e„Aep, A(omit Pr,Ps,Pi) /\ Wi 
J2(-iy+s J2 (-l)'=+'+"E^'^P..P«^P..P.l ® ea A eft A ei A (omit Pk,Pi,Pr,Ps) 

r<s k<l:k,l^r,s a,b 

+^(-iy+s E(-l)'^''^'C'-^,Pa^a,P, ^^"A ep, A (omitft,p.,p,) A ep,+, 

r<s j7^r,s a,b 

^^P»^'^Piv,Piv,P<i+i "I" y^(~-*-)'^"'"^^^Pr,p.,^Q'a,Piv,P^v,pr,---,P 



■>P9+1 



where 

i5 = l if r<i<s and S ~ otherwise 

cr = 1 if exactly one of k and 1 is between r and s 

T = l if r<j<s and r = otherwise 

The fifth term and the sixth term cancel. The second term and fourth term cancel 
with each other so that we have 



dq ( E^P» (8) epi A • • • A Cp, A • • • A Cp^+j ] + 



\ I — J. / 

+^9 ( Y.12^^'Lpi 1 ® ea a ep, a • • • a a • • • a a • • • a ep,+, J 

\k<l a J 

= E(~-^)*"^^ ( ^Vi^Vi ~ ^Po^Pi - ^^'^'K,Pj^<^ J ® ei A • • • A e 

j<i \ a / 

'^'y^ji~^y ^^P«'^Pli---,Piv,P<l+l "t" ^PriPa'^OiPlviPi^v 



p^ A • • • A ep. A • • • A ep,. 



Pl,---,Pq+l ■ 

r<s 
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As (9,^_i9^ = 0, the term 

/q+l 



dq ^^P' «) Cp, A • • • A ep^ A • • • A Cp^^, 

\k<l a 



A A • • • A ep, A • • • A ep, A • • • A Cp^^, 



IS m can choose Q;pV,'.'.'.',p,+i in ^)i[0] so that the expression 

above equals —d^ ^/lapi'V.'.'pg+i^ 

Let us now prove that ap\V...'.*p'<j+i is in /. It is easy to see that 
-dg ^/iapV'.V.'*p,+i <8) 6*1 A • • • A et^^ is element of P A'^g*. Note that 9^ sends 
r (g) A«0* to (g) A'fl*. Let us write 



"pi,...,p,+ i - \"^pi.,...,p^+i)n,---,r^-^l 



with (Q;p\y.V.'*p'g_^i)i^^..._i,^ in From the remarks we have just made, we see that 

/i ^ (apV;.V.'*p,+i)o,...,oeti A--- Aet, is in /3,^A«0*. Hence (apV.V.v'p'^+i )o....,o 
\ ti,...,t, / 
is in /iA:[[/i]]. 

As ln\Gdqj^i ~ KerGd^, one has Imd^^i = Ker9^. 
Set 

do = e 

di{l (g) ei) = Xi 

^2(1 (g Ci A Ej) = (g ej - Xj <g - ^ C,j- gl Ea - E "i'.J ® 

a a 

9+1 

i^g+i (1 ® epi A ■ • ■ A ep,+ J = ^(-l)^-ixi (g Cp^ A ■ • • A Cp. A ■ • • A ep,+, 
+J2 J2(-'^y^'^Pr,Ps 1 ® fa A Ep, A • • • A Ep^ A • • • A ep, A • • • A ep,+, 

r<s a 

+ E 4V;.V.'*P,+i (g eti A • ■ • A et, . 

tl,...,tg-l 

If P is in Ffi, one has 

9q(P g) epi A ■ • ■ A EpJ = hd{P g) Cp^ A • ■ • A epj. 

The relation dqdq+i = is obtained by multiplying the relation d^dq^i = by h~^. 
As Gdq is the differential of the Koszul complex of the trivial ?7(0*)[ft-]-module, the 
complex K* = (Uh{2*) g) A'g*, 9^) is a resolution of the trivial Uh{g*)-modu\e. □ 

6.4. A link between 9p. and 0pv. 

Theorem 6.4.1. One has Op, ~ hOpv 
Proof of the theorem : 

We keep the notation of the previous proposition and we will use the proof of 
the theorem 15.0.71 
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The complex (A'g* ® F^,* 9^') computes the A:[[/i]]-modules Extj^^^ (k[[h]], Fh). 
The cohomology class d (1 ® A • • • A e* ) is a basis of Ei^^[g][h] (^Ni -^MW) — 
GExtpj^ (k[[h]], Fh). Hence there exists (7 = 1 + hai + ••• G Ker*9jj such that 
[d (cr(g)et A ■ • • A e*)] is a basis of GExtp^^ (k[[h]],Fh). As the filtration on Ext^^ (k[[h]] 
is Hausdorff, the cohomology class d (tr e* A • • • A e* ) is a basis of Extp^^ (k[[h]], Fh). 

Define a by 

a{xi, . . . ,i„) = a{xi, . . . ,a;„). 

One has *9„ = h^dn and it is easy to check that ct (g) e^^ A • • • A e* is in Ker*'d^_i. If 
we had 

a A ■ • ■ A e; =* 9^.1 (^a, ® el A ■ ■ ■ A ^* A ■ ■ ■ A e*^ , 
then, reducing modulo h, we would get 



(7 (g) A • • • A = [Yl^^ (g) A • • • A e* A • ■ • A j . 

This would implies that d (1 (g A • ■ • A e* ) is in Exty^^.^ (k, U(g*)), which is 
impossible because d (1 g) A • ■ • A e* ) is a basis of Ext^^^.^ (k, U(0*)). Thus 

d ((7 (g) e| A • • • A e,* ) is a non zero element of E^cciJ^^"^^.') (HM, Uhi2*)). For aU i 
in [l,n], one has the relation 

CTX^ (g) A • • • A e,* = Op^ {xi)a g) A • • • A e,* +* 

Let us write 

M = ^/i. (g A ■ • ■ A e7* A • • ■ A 
with e ^'hM- We set . . . ,i„) = . . . ,a;„) and 

A = X!^'* A • ■ • A e* A ■ • • A e;. 

i 

Then we have 

haxi g) e* A • ■ • A = 6'Fja;^)(T (g) el A ■ ■ ■ A e*^ + h^d^ijl). 
This finishes the proof of the theorem 16.4. II □ 

7. Study of on example 

We will now study explicitely an example suggested by B. Enriquez. Chloup 
([Chi]) introduced the triangular Lie bialgebra (g = kXi © kX2 ® kX^ © kX^^ ® kX^ , 
r = 4(^2 A X3)) where the non zero brackets are given by 

[Xi,X2] — X^, [Xi,X^] ~ X4, [Xi,X4] = Xc, 

and the cobracket 5g is the following : 

VXeg, S{X) = X-4{X2AX3). 

The dual Lie bialgebra of g will be denoted (a = kei © ke2 © ke^ © fce4 © fees, 5). 
The only non zero Lie bracket of a is [e2, 64] = 2ei and its cobracket S is non zero 
on the basis vectors 63, 64, 65 : 

(5(e3) = ei g) 62 — 62 g) ei = 26i A 62, (5(64) = 26i A 63, (5(65) = 2ei A 64. 
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The invertible element of U{Q)[[h]]^U{Q)[[h]], R = exp {h{X2 ® X3 - Xz ® X2)) , 
satisfies the equations 

i?12(A 1){R) = i?23(l ^ A)(i?) 

(e ® id){R) = l = {id<8 e)(i?). 

Thus, we may twist the trivial deformation of {U{g)[[h]], fiQ, Aq, lq, sq, Sq) by R 
([C-P] p. 130). The topological Hopf algebra obtained has the same multiplication, 
antipode , unit and counit but its coproduct is = R~^AoR. It is a quantization 
of (fl,r). Wc will denote it by Uh{g)- The Hopf algebra Uhis)* is a QFSHA and 
([/^(fl)*)^ is a quantization of (a, (5a). We will compute it cxplicitcly. 

Proposition 7.0.2. a) (?7(g)*)^ is isomorphic as a topological Hopf algebra to the 
topological k[[hj]- algebra Tk[[h]] {k[[h]]ei © A:[[/i]]e2 ® fc[[ft.]]e3 ® fc[[ft.]]e4 © A:[[/i]]e5) /I 
where I is the closure of the two-sided ideal generated by 

62 (E) 64 — 64 (g) 62 — 2ei 

2,^9 

63 <8) 65 - 65 (g) 63 - ei (8)61(8)61 

64 (8 65 — 65 (8) 64 — -h^ei (8 61 (8 61 (8 61 

6 

62 (8 65 - 65 (8 62 + hei © 61 

63 © 64 — 64 © 63 + hei © 61 

6i © Bj - ej © Ci if {i,j} ^ {2, 4}, {3, 5}, {4, 5}, {2, 5}, {3, 4} 
with the coproduct Ah, counit en and antipode S defined as follows : 

Aft(6i) = 6i©l + l©6i 

Ah(e2) = 62 © 1 + 1 ©62 

A/i(63) = 63 © 1 + 1 © 63 - /162 © 61 

A?i(64) = 64 ©1 + 1© 64- /163 © 61 + —62 © el 

/r h^ 

A/i(65) = 65 © 1 + 1 © 65 - /164 © 61 + —63 © 6f - —62 © ef. 

Vie [1,5], eh{ei)=0 
Vi G [1,5], S{ei) = -6i 

b) (C/(g)*)^ is not isomorphic to the trivial deformation of U{a), U{a)[[h]], as 
algebra. 

Proof of the proposition 

Let be the element of U{g)* defined by 

< ^i,X^'X^'X^'X2'X^' >= 6a„0 . . . K,i . . . 6a„0- 

The algebras U{g)* and A:[[^i, . . . , ^„]] are isomorphic. The topological Hopf 
algebra {Uh{g)** A^ = -/i,* /xq = A/j,* eo,* to = -So) is a QFSHA. Remark that 
Uh{g)* and A;[[^i, . . . , h]] are isomorphic as A; [[/i]] -modules. The elements ^1, . . . , ^, 
generate topologically the fc[[/i]]- algebra Uh{Q)* and satisfy eh{^i) = 0. 

< 6 ® ^4 - ^4 ® 6, A^{X^' . . . ) >^ <^ (ai, a2, as, ^4, as) = (1, 0, 0, 0, 0). 
and < 6 ® C4 - ^4 18 6, A^(Xi) >= 2/i. Hence ^2 -h U - U -h 6 = '^Hi- 

< 6 O ^5 - ^5 ® 6, A^(X°i . . . ) >^ ^ (ai, a2, 03, ^4, as) = (3, 0, 0, 0, 0) 
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and < 6 (g) ^5 - ■Cs ® 6, -'^1 >= 4/i. Hence $3 -h ^5 - ?5 -ft 6 = -3-6 'h 6 -ft 6- 

< ^4 ^5 - ^5 ® ^4, A'^(X«i . . . Xg"^) >^ ^ (ai, aa, as, 04, as) = (4, 0, 0, 0, 0). 
and < ^406-^5^^4, A(Xf) >= -4/i. Hence ^4-ft<e5-e5-fea = —^rh^rh^rh^i- 

< 6 ® ^5 - 6 ® 6, A^(Xi"i . . . X^') >^ ^ (ai, a2, as, a4, as) = (2, 0, 0, 0, 0). 
and < 6 «) ^5 - 6 (S" 6, A(Xi2) >= -2h. Hence ^2 6 - ^5 -h 6 = -Hi 'h 6- 

< 6 ^4 - ^4 ® 6, A^(Xf . . . Xg"^) >^ ^ (ai, as, ag, a4, ag) = (2, 0, 0, 0, 0). 

and <^^®U-U® 6, A«(X2) >= -2h. Hence 6:, -h U - U -h 6 = -Hi 'h 6- In 
the cases different from those mentionned above, -h^j = -h^i- 
Let us now compute the coproduct A/^ of Uh,{g,)*. 

< Ah{^3),xi'x^'x;^''x^'x^'' o x^'x^^x^'^x^'x^' >^o<^ 

(ai , aa, as, a4, a.,, &i, 63, ^3, ^4, 65) = (0, 0, 1, 0, 0, 0, 0, 0, 0, 0) or (0, 0, 0, 0, 0, 0, 0, 1, 0, 0) 

or (0,1,0,0,0,1,0,0,0,0) 

and < Ah{^3),X2Xi >= -1. Hence 

< A,,(C4),Xr^2'^3'^4'^5' ® X^^'Xl^^X^'Xl^X^^"- >^ ^ 

(ai, 02, 03, a4, as, 61, 63, h, 64, '^5) = (0, 0, 0, 1, 0, 0, 0, 0, 0, 0) or (0, 0, 0, 0, 0, 0, 0, 0, 1, 0) 
or (0, 0, 1, 0, 0, 1, 0, 0, 0, 0) or (0, 1, 0, 0, 0, 2, 0, 0, 0, 0). 
Moreover 

< A,,(^4), X3 Xi >= -1 and < Aa(^4), ^2 Xf >= 1. 

Hence 

Ahiu) = ^4 ® 1 + 1 ® ^4 - 6 ® a + o a a- 

< Ah{^5),X^'X^^X^^X2^X^' ^^X^'X^^X^'^X^^X^' <^ 

(ai, aa, a3, 04, as, &i, 63, 63, 64, 5s) = (0, 0, 0, 0, 1, 0, 0, 0, 0, 0) or (0, 0, 0, 0, 0, 0, 0, 0, 0, 1) 
or (0, 0, 0, 1, 0, 1, 0, 0, 0, 0) or (0, 0, 1, 0, 0, 2, 0, 0, 0, 0) or (0, 1, 0, 0, 0, 3, 0, 0, 0, 0). 
Moreover 

< A^(^5),^4®Xi >=-l, <Ah{U),X3^X^>=l, <Ah{U),X2^Xf>=-l. 
Hence 

A?.fe) = 6 ® 1 + 1 o 6 - C4 <s) a + ^6 o 6 •/» 6 - ^6 o a -h Ci -h a- 

We set = h-^^i and a = ii mod h {U{q)*Y . Let x : {U{Q)*y U{a)[[h]] be 
the isomorphism of topologicaU fc[[/i]]-modules defined by 

VreIN / reIN 

From what we have reviewed in the first paragraph of this section, the first part of 
this theorem is proved. 

If u and V are in U{a), one sets 



. -fiV = UV + ''^h^ IJ,r{u, v). 
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one has 



Mi(e3,e4)=0, /xi(e4,e3) = Ci, Ati(e2, 65) = 0, Ati(e5, 62) = e^. 



Let us show now that /zi is a coboundary in the Hochschild cohomology. The 
Hochschild cohomology HH*{U{a), U{a)) is computed by the complex {Horn (f/(o)®, J7(o)) , b) 
where : if / € Horn (f/(a)®"+\ ;7(a)), then 

b{f){(^o, • • • , On) = ao/(oi, • • • , a„)+^(-l)'/(«o, • • • , dj-idj, . . . a„)+/(ao, . . . , a„_i)a„(-l)". 

i=l 

The Lie algebra cohomology of a with coefficients in U{a)°''^ (with the adjoint ac- 
tion), H* (a, U (a)"'') , is computed by the Chevalley-Eilenberg complex {Horn (/\ 0, U{a)) , d) 

where : if / G Horn (a""^^ a, C/(o)) 

n+l 



rf(/)(2:i,...,^;„+i) = ^(-1)' ^2:^ •/(2:i,...,2;i_i,^;i+i,...,^;„+i) 

4 = 1 

+ ^j]' • • • ' + Z„+i). 



The map ([L] lemma 3.3.3) ** : {Horn (C/(o)®, U{a)) , b) {Horn {/\ a, U{a)'"^) , d) 
defined by antisymmetrization 



^*{f){zu...,Zn) = f(j2<^>- 

\<t6S„ 



(1)09 ■■■09 Z„(ri) 



is a morphism of complexes. One checks easily that 

**(/ii) = d ^-^6162 (g) 63 - ^6164 (8> 65 

There exists a G Horn {U{a), U{a)) such that fii = b{a). The map a is determined 
by 

1 * 1 

y{u, v) G U (a), /Lti('u, v) = ua{v) — a{uv) + ua{v) 



We set Ph = id — ha. Then one has = ^^/I'a*. If u and w are elements of 

1=0 

U{a), we put 

^■'h'" = Ph^ {Ph{u) ■h Ph{v)) . 
Let's compute ej — Cj ej. If i and j are different from 3 and 5, then Cj Cj = 

'h 



heie2 



63 + 



■h ('I 



heie2 heie2 



ei es - es -'^ d = ^ ^ ei -/i | 63 + 

= /ft^^ ei -h — ^ H fr^ -h ei 

= 

Similarly, the following relations hold 

ei -',1 65 = 65 -'^ ei, 62 e3 = 63 -'^ 62, 62 -'/^ 65 = 65 -J^ 62, 63 -'^ 64 = 64 -'^ 63, 
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Let us now compute 63 65 — 65 63. Easy computations lead to the following 
equalities : one has 

6162 -h 65 - eg -h 6162 = el 
63 6164 - 6164 -h 63 = -ef 
6162 -/i 6164 - 6164 -h 6162 = 2ef 

One deduces easily from this that 

es -1 65 - eg 63 = \h'^el. 

Similarly, one has 

64 -'h 65 - 65 -'h 64 = -^-e?- 

6 

The topological algebras [C^(a)[[/i]], -h] and [C/(a)[[/i]], -'^J arc isomorphic, hence their 
centers are isomorphic. Let us compute the center of [C^(ci)[[/i]], -'^J. Let z be an ele- 
ment of the center Z [?7(a)[[/i]], •/,]• One writes z under the form ^^Pr(6i, 62, 63, 64, 65)/!'" 

n>0 

(where the multiplications in Pr(6i, 62, 63, 64, 65) are •'^). One has 

62 ■'hZ-z\e2 = ^2/l''^^(ei,62,e3,64,65). 

Hence the polynomials Pr don't depend on X4, and z can be written z = ^^Pr(6i, 62, 63, e^)h'^ . 

n>0 

1 / dP \ 
es -'hZ-z-',, 63 = X^e^'^^^ \^^dJr) (^1' ^2, 63, 65). 

Hence the polynomials Pr don't depend on X5 and z can be written 2 = ^^Pr(6i, 62, ez)h'^ . 

n>0 

Qp 

64 iz- Z-'f^ 64= -2/l''^(6l,e2,63). 

Hence the polynomials P^- don't depend on X2 and z can be written z = ^^Pr(ei, 63)h'^. 

n>0 

e^-HZ-z 65 = X (^1 H") ^3). 

Hence the polynomials Pr don't depend on Xs and 2; can be written z = y~^Pr(6i)fe''. 
Hence 

z [[/(a) [[/.]], 4] = {E^'-(ei)'^'' I e M^i]}- 

But, the center of the trivial deformation of U{a) is 

Z[U{a)[[h]],tio] = {XPr(ei,63,e5)/i'- | P. G k[Xi,Xs,X5]}. 

The algebras [C^(a)[[/i]], ■'f^] and [C^(a)[[/i]],/io] are not isomorphic as their center are 
not isomorphic. □ 
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Proposition 7.0.3. We consider the quantized enveloping algebra of the proposi- 
tion \7.0^ We write the relations defining the ideal I as follows 

a (E> Gj — Cj (S) Gi ^ y ^i,7"^Q ~ Pi J ■ 
a 

As all the Pi , 's are monomials in ei 's, the notation makes sense. The complex 

ei 

^ Uh{a) (E) A^a ^ Uh{a) A^a ^ ■ • • ^ Uh{a) a ^ Uh{a) ^ k[[h]] 

where the morphisms ofUh{a), dj^, are described below is a resolution of the trivial 
Uh{a)-module k[[h]].We set 

n 

dn{l A • • • A ep„) = ^(-l)'""^ep, (8) e^^ A • ■ • A A ■ • ■ A ep„ 

i=l 

® ea A ep, A • • • A eT; A ■ • ■ A g;; A • ■ • A ep„. 

k<l a 

Then 

= en 
d^[l®ei) = e^ 

p. ■ 

82(1 (g) A Cj) = 82(1 <S) Ci A ej) — Ci 

ei ^ F P 

93(1 ® A Cj A Ck) = 93(1 ® ei A Cj A Cfe) ^ ® ei A Ck ^ — ® ei A e-,- ^ ®ei ha 

ei e\ e\ 

di(\ ®e\Keil\ Cj A Ck) = 94(1 ® ei A A e^ A efc) 

p 

dHl (g) 62 A 63 A 64 A 65) = 94(1 (g) 62 A 63 A 64 A 65) H — (g) ei A 62 A 64 

ei 

4 P4. 5 /^2 5 

'— g) 61 A 62 A 65 ^ g) 61 A 62 A 63 — (g 61 A 63 A 64 

61 61 61 

95(1 g) 61 A 62 A 63 A 64 A 65) = 95(1 g) 61 A 62 A 63 A 64 A 65). 

The character defined by the right multiplication ofUh{a) on Ext^^f^^^ (k[[h]], C//,.(o)) 
is zero. 

Proof of the proposition : The resolution of k[[h]] constructed in the proposition 
is obtained by applying the proof of theorem 16.2. II Moreover, one has 

*95(1 g) 6^ A 6^ A A el) = 65 g) 6^ A 6^ A A 6^ A 6^ 
*95(1 g) 61 A 63 A e| A 65) = -62 g) 61 A 62 A 63 A 6^ A 65 
*95(1 g) 6^ A 6^ A A 6*) = 63 g) 6^ A 6^ A A 6^ A 6^ 
*95(1 g) 61 A 62 A 63 A 65) = -64 g) 62 A 63 A 63 A e| A 65 
*95(1 g) 62 A 63 A 64 A 65) = 61 g) 6^ A 62 A 63 A 64 A 65. 

These equalities show that the character defined by the right multiplication of Uh{ci) 
on Extfj^^^^ Uh{a)) is zero. 

8. Applications 

8.1. Poincare duality. Let M be an A°j^''-module and N an A^i-module. The 
right exact functor M g) — has a left derived functor. We set Tor\^ {M, N) — 

Ah 
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Theorem 8.1.1. Let Ah be a deformation algebra of Aq satisfying the hypothesis 
of theorem \ 5.0.7\ Assume moreover that the Ah-module K is of finite projective 
dimension. Let M be an Ah-module. One has an isomorphism of K -modules 

Ext\^ {K, M) ^ Torj-^^^ i^A^.M) . 
Remark : Theorem 18.1.11 generaUzes classical Poincare duality ([Kn]). 

Proof of the theorem 

As the v4/i-module K admits a finite length resolution by finitely generated pro- 
jective A/i-modulcs, P' K, the canonical arrow 

RHomA^ {K,Ah) ®M ^ RHomA^{K,M) 

Ah 

is an isomorphism in D {Mod Ah). Indeed the canonical arrow 
Horn Ah iP\Ah) §5M ^ HomAh{P\M) 

Ah 

is an isomorphism. 

8.2. Duality property for induced representations of quantum groups. 

From now on, we assume that Ah is a topological Hopf algebra. 

In this section, we keep the notation of theorem 15.0.81 Let y be a left Ah- 
module, then, by transposition, V* = HomxiV, K) is naturally endowed with a 
right A;i-module structure. Using the antipode, we can also see V* as a left module 
structure. Thus, one has : 

Vmg A,,V/eF*, u-f = f-S{u). 

We endow VtAh ® V* with the following right A/j-module structure : 

yueAh^f eV*, yujeilAh, 

{w®f)-u= hrn Y.^Ahiu',,Jio ^ f ■ Sliu'U 

3 

where A{u) = lim w' „ 

j 

Let Ah be a topological Hopf deformation of Aq and Bh be a topological Hopf 
deformation of Bq. We assume moreover that there exists a morphism of Hopf 
algebras from Bh to Ah and that Ah is a flat B^^-module (by proposition djXSl this 
is verified if the induced i?o-inodulc structure on Aq is flat). If V is an A/j-module, 
we can deflne the induced representation from V as follows : 

Ind^l iV)=Ah(SV 

Bh 

on which Ah acts by left multiplication. 

Proposition 8.2.1. Let Ah be a topological Hopf deformation of Aq and Bh 
be a topological deformation of Bq . We assume that there exists a morphism of 
Hopf algebras from Bh to Ah such that Ah is a flat B*^ -module. We also assume 
that Bh satisfies the hypothesis of theorem 1 5. 0. 7| Let V be an Bh-module which 
is a free finite dimensional K-module. Then Dsh (-^'^^aJ" (^) ) isomorphic to 
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{flBh ® V*) ^ Ah[-dBj in D {ModB°P). 

Corollary 8.2.2. Let Ah he a topological Hopf deformation of Aq and Bh be a 

topological deformation of Bq . We assume that there exists a morphism of Hopf 
algebras from Bh to Ah such that Ah is a flat B'^ -module. We also assume that 
Bh satisfies the condition of the theorem \5.0.7\ Let V he a Bh-module which is a 
free finite dimensional K -module. Then 

a) Ext\ Ah ® V, Ah ] is reduced to if i is different from dsh ■ 

\ Bh J 

b) The right Ah-module Ext'^^^ f Ah ® V, Ah J is isomorphic to (f^s^ ® V*) <E) Ah. 



Remarks : 

Proposition 18.2.11 is already known in the case where g is a Lie algebra, [) is a 
Lie subalgebras of g, A and B are the corresponding enveloping algebras. 

In this case one has dsh — dimi) and dch = dimt. More precisely : It was 
proved by Brown and Levasseur ([B-L] p. 410) and [Ke] in the case where q is 
a finite dimensional semi-simple Lie algebra and Ind^^^^{V) is a Verma-module. 
Proposition 18 . 2 . 3l is proved in full generality for Lie superalgebras in [CI]. 

Here are some examples of situations where we can apply the proposition 18. 2.1] 

Example 1 : 

Let A: be a field of characteristic 0. We set K = fc[[/i]]. Etingof and Kazhdan have 
constructed a functor Q from the category LB{k) of Lie bialgebras over k to the 
category HA{K) of topological Hopf algebras over K. If (g, S) is a Lie bialgebra, 
its image by Q will be denoted Uhis). 

Let g be a Lie bialgebra Let [) be a Lie sub-bialgebra of g. The functoriality 
of the quantization implies the existence of an embedding of Hopf algebras from 
Uh{i)) to Uhid) which satisfies all our hypothesis. 

Example 2 : If g is a Lie bialgebra, we will denote by .F(g) the formal group 
attached to it and Thio) its Etingof Kazhdan quantization. Let g and [} be two 
Lie algebras and assume that there exists a surjective morphism of Lie bialgebras 
from g to [). Then J-h[Q) is a flat ^^^(t))- module and Ah ~ J-his) and Bh = ^h{^) 
satisfies the hypothesis of the theorem. 

Example 3 : 

If G is an affine algebraic Poisson group, we will denote by J-{G) the algebra 
of regular functions on G and J-h{G) its Etingof Kazhdan quantization. Let G 
and H be affine algebraic Poisson groups. Assume that there is a Poisson group 
map G ^ H such that J-{G) is a flat !F{H)°'p -module. By functoriality of Etingof 
Kazhdan quantization. Ah = J-h{G) and Bh — Th{H) satisfies the hypothesis of 
the theorem. 

Proof of the proposition \8.2.1\ : 
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We proceed as in [CI]. Let L* V he a resolution of V by finite free Bh- 
modules. As Ah is a flat i?,°^-niodule, Ah^L' Ah ® is a resolution of the 

Bh Bh 

A;i-module Ah ® V hy finite free A/j-modules. 

Bh 

We have the following sequence of isomorphisms in D (ModAh) 



RHoniAh ( Ah ® V, Ah ~ HomA^ [Ah(SL', Ah 

Bh J \ Bh 

~ HomBh{L',Bh)^Ah 

Bh 

- (QBh^V*) ^Ah[~dBh]-0 

Bh 



We now extend to Hopf algebras another duality property for induced represen- 
tations of Lie algebras ([CI]). 

Proposition 8.2.3. Let Ah be a Hopf deformation of Aq, Bh be a Hopf defor- 
mation of Bq and Ch be a Hopf deformation of Cq . We assume that there exists a 
morphism of Hopf algebras from Bh to Ah and a morphism of Hopf algebras from 
Ch to Ah such that Ah is a flat B°^ -module and a flat C^^ -module. We also as- 
sume that Bh and Ch satisfies the hypothesis of theorem \5.0.'T\ Let V ( respectively 
W ) be an Bh-module (respectively Ch-module) which is a free finite dimensional 
K-module. Then, for all integer n, one has an isomorphism 



Ext 



n+dB 



Ah®V,Ah®W 



Ext^'^J"'^ ({nch ® W*) ®Ah, iSluh ® V*) ®Ah 
V Ch Ch 



Remarks : 

Proposition 18.2.31 is already known in the case where g is a Lie algebra, f) and 
6 are Lie subalgebras of g, A, B and C are the corresponding enveloping algebras. 
In this case one has dsh — dimt) and dch — dimt. More precisely : 

Generalizing a result of G. Zuckerman ([B-C]), A. Gyoja ([G]) proved a part 
of this theorem (namely the case where \) — Q and n = dim\) = dimt) under the 
assumptions that g is split semi-simple and () is a parabolic subalgebra of g. D.H 
Collingwood and B. Shelton ([C-S]) also proved a duality of this type (still under 
the semi-simple hypothesis) but in a slighly different context. 

M. Duflo [Du2] proved proposition 18.2.31 for a g general Lie algebra, \) — 
V — W* being one dimensional representations. 

Proposition 18.2.31 is proved in full generality in the context of Lie superalgebras 
in [CI]. 

Proof of the proposition \8.2.3l 

We will proceed as in [C2]. As o I A/i ) = Ah<S^V, we have the 

\ Bh J Bh 

following isomorphism 
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HomoiAn) \Ah®V,Ah®W 



the corollary follows now from proposition 18.2.11 



Da, { Ah®W\ ,Da, [Ah®V 



8.3. Hochschild cohomology. In this subsection, A^ is a topological Hopf alge- 
bra. We set Al = A^ ® A°^ and = A^^ A°^ . If M is an -module, we 

set 

HH^"^ (M) = Torf^ {A^, M) 

Proposition 8.3.1. Assume that Ah satisfies the condition of the theorem \5. 0.7\ 
Assume moreover that Aq (g) A?,^ is noetherian. Consider Ah O Ah with the fol- 

lowing Af^-module structure : 

V(q!, /3, x, y) G Ah, a ■ (x ® y) ■ 13 = ax ® yfj. 

a) HH\ {Ah ® Ah) is zero if i ^ ^.a,- 

k[[h\\ 

h) The Af^-module HH'^'^ [Ah Ah) is isomorphic to ^Ah ® Ah with the fol- 

lowing Af^-module structure : 

-i{a,l3,x) eA,,, a-{oj®x)- l3 = ujdAM®S{(3'l)xS-^{a) 
where a ~ ^~^q;^ ® a'l (to he taken in the topological sense) 

i 

Proof of the theorem : 

The proof is analogous to that of [C2] (theorem 3.3.2). 

Using the antipode 5*^, of Ah-, we have the following isomorphism in D (^ModA'f^ , 
RHom^^ {Ah, Ah® Ah) ~ RHom^^^^^ {{Ah)*, {Ah® Ah)*) . 

where the structures on {Ah)* and {Ah® Ah)* are given by : 

\f{a,l3,u,v) £ Ah 

{a® (3) ■ u — auSh{P) 

{a® P) ■ {u®v) = au® vSh{P) 

{u ® v) ■ a ® f3 = ua ® Sh{f3)v. 

Using the version of lemma [5.0.91 for right modules (see [C2] lemma one sees 
that {Ah)* is isomophic to {Ah®Ah)®K as an Ah®Ah-inodule. we get 

Ah 

RHom^^{Ah,Ah®Ah) ~ RHom^^^^^(^Ah®Ah®K,{Ah®Ah)* 

^ RHomAh{K,{Ah®Ah)*) 
2± RHoniAh (K, Ah) 0a, {Ah® Ah)* 
~ nh®AdAh®Ah)* 
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The isomorphism id Sf^^ transforms {Ah'^Ah)'^ into the natural {Ah® Ah) (8" 
{Ah^AhyP-uiodiih (A,,0^,,)-module (^^g^^)'"^*: 

V(q;, /?, M, w) e Ah 

(a (gi /9) • (u (g) u) = aw ® /3w 

(m ® • a (8i /? = wa (g) v(3. 

Then, using the lemma [5.0.91 one sees that fi/i®^^ is isomorphic to 

05 Ah endowed with the following (A;i(g)A;i)°P-module structure : 

V(a, P) e Ah, {u (g) v) ■ a (g) fi = ^u9a,^ (a-) ® S{ai)vf3. 

i 

This finishes the proof of the proposition. □ 

We are in the case where Exft-^ {Ah, Af^) is unless when i — d-A^ , so we have 
a duality between Hochschild homology and Hochschild cohomology ([VdB]). 

Corollary 8.3.2. Let Ah be a k-algebra satisfying the hypothesis of theorem \5.0.i\ 
Assume moreover that A^ = Aq ® A"^ is noetherian and that the A'f^ -module Ah is 
finite projective dimension. Let M be an Af^-module. One has 

HH\M) ~ HHd^^^,{U®M). 

Ah 

Proof of the corollary : The proof of the corollary is similar to that of [vdB] . 

First case : M is a finite type Af^-module. Let P* —> Ah — > be a finite length 
finite type projective resolution of the A|-module Ah and let Q' ^ M ^ he 
a finite type projective resolution of the A^-module M. As and U®Q^ are 

Ah 

complete, one has the following sequence of isomorphisms : 
HHi~-{M) ~ (Homxi{P',M)) ~ Hom'rAP'^^h)®^] 

~ W {u[-d]®NI^ :^H'-dAh ^C/®Q*^ c^H'-'^^i^ (^{Ah®U)®Q') 
~ i?'-'^^'. lAh§){U(E)Q')] c^HHd ,{U®M). 

General case : We no longer assume that M is a finite type ^|-module. We 
have M = lim M' where M' runs over all finitely generated submodules of AI. 

Exttj(Ah,M) = Ext'-;(Ah,limM') ~ lim Ext (Ah, M') ~ limTorj'' _i(Ah,U®M') 



^or^i (A, lim [/ ® M') ^Tor;J _^{Ah,U®M) 

^ Ah " Ah 



where we used the fact that the functor lim is exact because the set of finitely 
generated submodules of M is a directed set ([Ro] proposition 5.33) 
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